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Abstract 

We prove Dipendra Prasad's conjecture on distinction of the Stein- 
berg representation [Pr] for symmetric spaces of the form G(E)/G(F), 
when G is a split reductive group defined over F, and E/F an unram- 
ified quadratic extension of non-archimedean local fields. 

Introduction 

Let G be a connected reductive group defined over a non-archimedean local 
field F, and let E/F be a quadratic galois extension of F. If ir is a smooth 
representation of G(E) and x a smooth character of G(F), one says that tt 
is ^-distinguished if the intertwining space 

Hom G(F) (tt, x) 

is non-trivial. 

Let St# denote the Steinberg representation of G{E). In [Pr], Dipendra 
Prasad defines an explicit quadratic abelian character xf of G(F) and makes 
the following conjecture. 

Conjecture. ([Pr], Conjecture 3, page 77). Assume that the derived sub- 
group of G is quasi- split. Then: 

(a) The Steinberg representation of G(E) is xf- distinguished. 

(b) For any other smooth character x of G(F), different from xf, the 
Steinberg representation of G{E) is not \- distinguished. 

This conjecture is proved for GL(n) (by Prasad [Pr2] when n = 2, and 
by Anandavardhan and Rajan [AR], Theorem 1.5, for any n and without 
restriction on the quadratic field extension E/F). 
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In this article, we first prove the following result. 

Theorem 1. Assume that 

(i) E/F is unramified, 

(ii) the residue field kp of F is large enough. 

(iii) the algebraic group G is split over F, and to make our proof less 
technical: 

(iv) The root system of G relative to any maximal split torus is irreducible. 

Then there exists an explicit quadratic character ep ofG(F), such that St E 
is tF -distinguished. 

We think that conditions (ii) and (iv) are not necessary. On the other 
hand, conditions (i) and (iii) are crucial for our proof. 

Hence, in a particular case, we obtain a proof of part (a) of Prasad's 
conjecture modulo the fact that e F = xf- This equality is true for GL(n) 
and when G is simply connected (in this case xf — £f — !)■ We expect it to 
be always true. 

The idea of the proof is to use the model of the Steinberg representation as 
a space of harmonic functions on the chambers of X E , the building of G(E). 
The building X F of G(F) embeds in X E as a sub-simplicial complex of same 
dimension. The G(F)-equivariant linear form is then simply the "period" 
obtained by summing a fonction over the sub-building. The Iwahori-spherical 
vector is a test vector of this linear form. The difficult point is to prove that 
the restriction of a harmonic function to Xp is L 1 . 

We then prove the following. 

Theorem 2. Assume that assumptions (i), (iii) and (iv) of Theorem 1 hold. 
Let G dcr be the derived group of G. We have the multiplicity 1 result: 

Dime Hom G dor( F ) (St^,C) < 1 . 



As a consequence, under the assumptions of Theorem 1, points (a) and 
(b) of Prasad's conjecture hold. 

Theorem 2 is a consequence of a transitivity property of the action of 
G(F) on the chambers of X E . The proof of this property is provided by F. 
Courtes in an appendix to this article. 
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Since the Steinberg representation factors through G(E)/Z E , where Z E 
is the center of G(E), we will assume that the group G is semi-simple. 

This work was written while the first author was supported by the french 
ANR grant JIVARO. He wants to thank Frangois Courtes, Nadir Matringe 
and Dipendra Prasad for their help in writting the manuscript. 

1 Notation: groups and buildings 

We fix a locally compact non-archimedean and non-discrete field F. We do 
not assume that the (residue) characteristic of F is not 2. We let E/F be an 
unramified quadratic extension of F. 

If K is any locally compact non-archimedean and non-discrete field, we 
denote by 

- Ok the ring of integers of K, 

- Pk the maximal ideal of Ok, 

- k K = o K /p K the residue field, 

- Qk — the cardinal of kx- 
We in particular have q E = q F - 

We fix a connected semisimple group G split and defined over F. We 
denote by d its rank and by G = G E its group of F-rational points. For 
simplicity, We shall assume that the root system of G is irreducible. 

We fix a maximal split torus T of G and we denote by N the normalizer 
of T(F) in G. Let T° be the subgroup of T generated by the £(tt), where 
£ runs over the rational cocharacters of T and u over o F . Then T° is the 
maximal compact subgroup of T. 

Let X = X E be the semi-simple Bruhat-Tits building of G. This is a 
locally compact topological space on which G acts continuously. It has di- 
mension d. The space X is naturally the geometric realization of a simplicial 
complex and the group G acts by preserving the simplicial structure. 

Let us fix a chamber C in the apartment A of X attached to T and 
write / for the Iwahori subgroup of G attached to Co. This is the pointwise 
stabilizer of C in G. 

By [IM] (also see [I]), the affine Weyl group W = N(T)/T° of T may be 
written as a semidirect product W — Q ix W of a coxeter group W by a 
finite abelian group fl, in such a way that: 

(a) Q normalizes /, 



3 



(b) if iV° is the inverse image of W in N, (I, N ) is a Tits system (or 
5iV-pair), 

(c) the set 

G = IW I= [J Iwl 

wew 

is a normal subgroup of G and G/G ~ f2. 

The pair (7, iV) is a generalized Tits system. When G is simply connected, 
we have Q = {1}. 

As a simplicial complex JTp is the building of the .BiV-pair (I, No) [BT]. 
In particular Xp is labellable (in the sense of [Br], Appendix C, page 29) and 
G acts on X F by preserving the labelling of simplices. 

The group Q acts on A and stabilizes the chamber Co- For u G f2, we 
denote by e(u) the signature of the permutation induced by the action of u 
on the vertex set of Co. We define a quadratic character ec F of Gf by 

e Gp =eo po 

where po : G — > G /Go denotes the canonical projection. 

We fix an unramified quadratic extension E/F. By [T] there is a canonical 
embedding 

j : Xp — > X E 

of Xp in the semisimple building Xp of G over E. The Galois group 
G&\(E/F) acts on X and j is Ga\(E/F) k G^-equivariant. Moreover since 
G is split and E/F is unramified, we have that : 

- j(Xp) is the set of Gal(E/F)-fixed points in X E , 

- j is simplicial. 

- Xp and Xp share the same dimension d, and j maps chambers to 
chambers. 

We shall identify X F as a subsimplicial complex of X E by viewing j as 
an inclusion. 

Let Ad be the standard abstract simplex of dimension d. We view its 
set of simplices as the power set of {0, 1, d}. Since Xp is labellable, there 
exists a simplicial map 

As : Xp — > Ad 
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which preserves the dimension of simplices. If a is a simplex of X E , we call 
X E (a) its label or type. The restriction \ F = (\e)\x f is a labelling of X F 
preserved by the action of Go- 

Let C be a chamber of C and g G G E . Let (so,...,Sd) (resp. (to, 
be an ordering of the vertices of C (resp. of gC) such that \ E (si) = {2}, 

1 = 0, d (resp. \e(U) = i, i = 0, d). We denote by e(g, C) the signature 
of the permutation: 

/ g.s g.si . . . g.s d \ 

y to t 1 ... td j 

Lemma 1.1 With the previous notation, we have: 

(i) the signature e(g,C) does not depend on C. 

(ii) The map g >->■ e(g) = e(g,Co) is a character oJGe- 
(iv) The character e satisfies e\c F = ec F - 

Proof. It is easy and based on the fact that the subgroup G* E of Ge, formed 
of those elements preserving the labelling \ E , acts transitively on chambers 
of X E . Details are left to the reader. □ 

2 The Steinberg representation 

There are several equivalent definitions of the Steinberg representation Stg 
of Ge- That we shall use comes from the following beautiful theorem due to 
Borel and Serre. 

Theorem 2.1 (BS) The representation of G E in H^(X E ,C), the d-th co- 
homology space with compact support, with coefficient in C, where d is the 
E-rank ofG, is equivalent to the Steinberg representation. 

Let Ch E denote the set of chambers of X E and C[Ch E ] the C- vector 
space of complex valued fontions on Ch E of arbitrary support. A function 
/ G C[C1ie] is called a harmonic cocycle if for all codimension 1 simplex D 
of X E , we have 

E /(<?) = 

where the sum is over the chambers of Xe that contain D as a subsimplex. 
We denote by 'H(Xe) the C-vector space of harmonic cocycles on X E . 

We define a linear representation (tte,H(X e )) of G E in H(X E ) by the 
formula: 

M<7)./](C) = e(g)f(g- 1 C) , g G G, C G Ch E . 

This representation is not smooth in general and we denote by (ir E , %{X E )°°) 
its smooth part. 
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Proposition 2.2 The representation (n E , 'H(Xe) 00 ) is equivalent as a Ge- 
representation to the contragredient of St E - 

Proof. For k — d — l,d, let C k (X E ) alt be the C- vector space of alterned k- 
cochains on Xe with coefficients in C, the field of complex numbers. Denote 
by Chg the set of pairs (C, o~) formed of a chamber C of Xe together with 
a bijection a from the vertex set of C to {0, 1, d}. We let Ge act on Ch^ 
by g.(C, a) = (g.C, a o g*), where g* is the bijection from the vertex set of C 
to the vertex set of g.C induced by g. Then C^(X E ) alt is the set of maps / : 
Chg — > C satisfying: 

- / has finite support, 

- for all (C, er) £ Ch^ and for all permutation r of {0, ...,d — 1}, we have 

/(C,To<r)=e(T)/(C,<r) 
where e(cr) denotes the signature of <r. 

The group naturally acts on C^{X E Y Xt - Similarly we define the Ge- 
module C^~ 1 (X E ) 3lt . The coboundary map 

d : C d -\X E y lt — > C c d (X £ ) alt 

is given by 

= ^ h{D,a\ D ) , (C» e Ch* 

DCC 

where g\d denotes the restriction of o to the vertex set of D. 

For k — d — l,d, let C^(Xe) be the C-vector space of usual A;-cochains 
with finite support. By orienting the simplices of Xe thanks to the labelling 
A, we obtain a coboundary map d : C^~ 1 (Xe) — > C^(Xe) given by 

dh(C) = J2(- 1 ) XiC ^ D)h (D)- 

DCC 

For k — d — 1, d, we have an isomorphism of C-vector spaces 

c k c {x E ) alt — >• c c fc (x s ) 

given by 

f^{C^f(C,X\c)} 

where X\c denotes the restriction of the labelling A to the vertex set of the 
simplex C. These isomorphisms are G^-equivariant if one lets Ge act on 
C k c {X E ) via 

[g.f](D) = e GE (g) f(g-\D), D ^-simplex of X E . 
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Moreover the isomorphisms are compatible with the coboundary maps. 

The space H d (X E ) is known to be isomorphic to C d (X E ) alt / 'dC d ~ l (X E y lt 
as a G^-module. So it is isomorphic to C d (X E ) / ' dC^~ 1 {X E ) as a G^-module. 
By letting V* denote the algebraic dual of a C-vector space V, we have 

{H d c {x E )Y = {ue c d c {x E y ■ f ldC ^ (XE) = 0} . 

We may identify Cf(X E )* with C[Ch E ] by using the pairing 

(CO, f}= J2 U (°) tt C ) ' U e C ^ Ch ^ f G C c( X E) • 

c*eCh E 

Then for to G C[Ch E ], the condition w^d-ip^ = writes (uo,dh) = 0, for 
all h G Cf~ l (X E ). This may be rewritten 

(d*co, h) = , h G C d - l (X E ) that is d*co = 

where d* : C d (X E )* — > Cf~ l (X E )* is the adjoint of d. But a simple com- 
putation shows that 

d*co(D) = ^ co(C) , D (d - l)-simplex 

cdd 

so that d*ui = is the harmonicity condition. □ 

Note that the Steinberg representation of G E is self-dual. 

3 Some geometric lemmas 

We denote by d g the combinatorial distance on X E defined as follows. For 
C, D G CIie, d g (C,D) is the length k of a minimal gallery (D , Di, D^) 
satisfying D = C and D k = D. The following result, due to F. Bruhat, will 
be very useful. 

Lemma 3.1 (Lemma 4-1 of [Bo]) Let U be a compact open subgroup of G E . 
There exists an integers k = k (U) satisfying the following property. For all 
chamber C such that d g (Co,C) ^ k , there exists a chamber D adjacent to 
C such that: 

(i) d g (C ,D) = d(C ,C)-l; 

(ii) the group U acts transitively on the set of chambers C such that 
C ^ D andC C\D = CC\D. 
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Lemma 3.2 Let D be a codimension 1 simplex in X F (resp. in X E ). Then 
D is contains in q F + 1 chambers of X F (resp. in q E + 1 chambers of X E ). 

Proof. We give a proof for X F . Let Pd be the parahoric subgroup of Gf 
attached to D and Pf\ its pro-unipotent radical. Then P D /P}) = G D (k F ), 
where Gd is a reductive group defined over k F and of /c^-rank 1. The cham- 
bers C of X F containing D are in bijection with the Borel subgroup of P D / P E 
by 

C H> P c mod P l D 

where Pc denotes the Iwahori subgroup attached to C. But Go being of 
fci?-rank 1, Gd(/cf) posseses q F + 1 Borel subgroups. □ 

For any non negative integer k, we denote by Tj F (k) the set of chambers 
of X F at distance k from C and set N k {k) = \Y, F (k)\. 

Lemma 3.3 We have 

N F {k) ^ (d+l)d k - l q k F , k ^ 1 . 

Proof. Any chamber of X F has <i + 1 codimension 1 faces. A chamber in 
£_f(1) contains one of the d+ 1 codimension 1 faces of C . By Lemma (3.2), 
such a face is contained in q F chambers different from Co, so that 

N F (l) = {d+l)q F . 

Moreover, for k ^ 1, any chamber in Tj F (k) is adjacent to at most dqx cham- 
bers at distance from Co greater than k. The formula follows by induction 
on k. □ 

Lemma 3.4 Let f G "H(Xe) 00 . There exist an integer kf and a positive 
real number Kf such that the following holds. For all C G Ch E such that 
d g (Co,C) ^ kf, we have 

\f(C)\^K f .q- d ^ C) . 

Proof. Since / is smooth under the action of G, it is fixed by an open compact 
subgroup U small enough. Set kf = ko(U). For k ^ 0, set 

M fc = Max{|/(C)| ; C G £ S (A;)} . 

We are going to prove that for k ^ kf we have M^+i ^ q^M^, the lemma 
will follow. 
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Let C G T lE (k + 1). By applying Lemma (3.1), there exists D G T, E (k) 
such that U acts transitively on 

[C, D] := {G G CIie ; G^D and G fl D = C fl D} . 

It follows that / is constant on [C, D\. By applying the harmonicity condition 
at the codimension 1 face C fl D, we get 

q E f(C) + f(D) = } 

since [C, D] has q E elements. So | /(C) | = q^ l \f{D) |, and our assertion 
follows. □ 

Lemma 3.5 Assume that q F > d. Let f G T-L(X E )°°. Then we have 

/| ChF e L 1 (Ch F ) 

where L 1 (Ch F ) denotes the set of complex functions g on Ch F snc/i 

\g(c)\ <+oo . 

Cechp 

Proof We may write 

E i/(tf)i = £ E 1/(^)1- 

CeCh F fc>o ces F (fc) 

By the previous lemmas, for k large enough and for some constant K > 0, 
we have: 

E i /(c) i ^(— ) fc - 

CGS F (fe) 9E 

with = qp. The result follows. □ 

Remark. If G is of rank 1, then the condition q E > d is automatically satisfied. 

4 Constructing Gp-equivariant linear forms 

In this section, we assume, as in Lemma (3.5), that we have q E > d. 
Thanks to lemma (3.5), the linear map A on H(G E )°° given by 

A(/) = E f(°) 

ceCh F 
9 



is well defined. For g G G F and / G H^e) 00 , we have 

\(n E (g).f)= t GF (g)f(g~ 1 c) = e GF (g)Hf) ■ 

ceCh F 

Hence we have A G Hom GE (St£, e Gp ). 

Theorem 4.1 The Steinberg representation of G F is €g f - distinguished. 
More precisely, a non-zero Iwahori- spherical vector is a test vector for A. 

Proof. It suffices to prove that A is not trivial. Let / be the Iwahori-spherical 
vector in V,(Ge)°° normalized in such a way that /(Co) = 1. In Lemma (3.1), 
if U = I, we may take k = 0. It follows from the proof of Lemma (3.4) that, 

for all k ^ 0, / has constant value ( — )~ k on H F (k). As a consequence 

Qe 

*(/) = £( £ m) 

fe>o ces F (fe) 

is an alternating series. In particular we have 

£ f(c)>\(f)> £ f(°) + £ f(°) 

CGS F (0) Cgs f (o) CeE F (l) 

that is 

1 > A(/) > 1 - — > . 

Qf 

and our Theorem follows. □ 

Note that if the F-rank of G is 1 the value A(/) may be explicitely com- 
puted. Indeed in that case, X F is a regular tree of valence q F + 1, and we 
have N F (k) = 2q F) k ^ 1. Hence 

A(/) = i+x;2 e *(zi) fc =i--i-. 

5 Multiplicity 1 

In this section we release the condition q F > d and prove Theorem 2 without 
restriction on the size of k F . 

Set H = G dcr and H = H(F). Note that H and G share the same 
(semisimple) Bruhat-Tits building over F (resp. over F). This essentially 
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comes from the fact that the inclusion H — > G is B — N-adapte in the sense 
of [BT] (1.2.13), page 18 (cf. [BT] §2.7., page 49). By Proposition (2.2), we 
have 

Hom H (St £ , C) = U{X E ) H , 
the space of harmonic cochains on Xp fixed by H. 

Our proof relies on the following fundamental result whose proof is given 
in the appendix. 

Theorem 5.1 Let C be a chamber of X E at combinatorial distance 5^0 
from X F . Then Gp acts transitively on the set Ch [C, 5 + 1] of chambers D 
of Xe satisfying: 

- D and C are adjacent, 
-d(D,X F ) = 5 + 1. 

Note that since H is contained in G (G/G is abelian), it acts on H(X E ) 
via the formula 

h.oo(C) = coih^C) , h G H, u G U(X E ) . 

Let oj G H(Xe) h ■ Since H acts transitively on Xp, the value oj{C) does 
not depend on the chamber C of X F . Let us denote it by (p(u>). Theorem 2 
is a consequence of the following: 

Lemma 5.2 The linear map 

up : U{X E ) H -4C,w4 ip(C) 

is injective. 

Proof. For all integers 5^0, let Ch (X F , 5) denote the set of chambers in X E 
at combinatorial distance 5 from Xp (in particular Ch (Xp, 0) is the set of 
chambers of X F ). Let u G T-i{X E ) H and 5 ^ be an integer. We prove that 
the restriction W|ch(x F ,<5+i) is entirely determined by the restriction cu|ch(x F ,5)- 
The lemma will obviously follow. 

Let D G Ch(X F ,5 + 1). Fix a chamber C G Ch(X F ,5) adjacent to D 
and set M = C fl D. The harmonicity condition at the codimension 1 face 
M writes 

E w ( A ) = » 

A 6 C M 
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where C M is the set of chambers of X E containing M. We may split the 
set Cm into two subsets : C^/ 1 := Ch[C, 5 + 1] and its complement C M , 
contained in Ch(Xp,<5). By theorem (5.1) and the if-invariance of u, we 
have 

u J (A) = \CU 1 \xu J (C). 
Hence the harmonicity condition gives 



<"(C) = >< E ^ 

1 Aec* M 



This proves that the value ou(C) depends only on the restriction u>\ch(x F ,s), 
and we are done. □. 



A A transitivity result 

For every facet A C Xe, we shall denote by Ka,e (resp Ka,f) the connected 
fixator of A in Ge (resp. the intersection with Gf of that connected fixator). 
More generally, for every subset S of X E , we shall denote by K SE (resp. 
Ks,f) the intersection of the Ka,e (resp./f^jr), where A runs over the set of 
facets of X E whose intersection with S is nonempty. Let S be the closure of 
S; we have of course K-g E = Kg,E and Kg F = Kg,F- 

Proposition A.l Let d be a nonnegative integer, and let C be any chamber 
of Xe such that the combinatorial distance between C and X E is d. Let C' 
be a chamber of Xe neighbouring C and whose combinatorial distance from 
Xf is d + 1, let A be the unique facet of codimension 1 of Xe contained in 
both C and C' , and let A be the set of chambers of X E containing A in their 
closure and whose combinatorial distance from X F is d + 1. Then the group 
Kc,f acts transitively on A. 

Proof. Assume first d — 0, that is C is contained in X F . Let A be an 
apartment of Xp containing C, let T be the corresponding F-split maximal 
torus of Ge, let $ be the root system of Ge relatively to T# and let ±ct 
be the elements of $ corresponding to the hyperplane H of A containing 
A. For every (5 G <E>, let Up = Up^ be the corresponding root subgroup of 
Ge, and let v be a normalized valuation (that is a valuation such that for 
every /3, v(Up) = Z U {oo}; such a valuation exists because G is split over an 
unramified extension of E) on the root datum (G,T, (Up)) such that, with 
the subgroups Up^ of Up being defined according to that valuation, we have 
U± a fl K A = U± a ,o; we shall assume a is the one such that U a H K c = U a ,i- 
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Let <fi (resp. 0') be a F-isomorphism between E and U a> p (resp. U-^e) 
preserving the valuation, that is such that for every integer i, U a ^ (resp. 
U- aj i) is the image by <fi (resp. (J)') of the elements of E of valuation > i; the 
elements of A are the chambers of the form <f>(x)C, where x is an element of 
Oe which belongs neither to F nor to pE', moreover, <p(x)C depends only of 
the class of x modulo p F - we can thus label the elements of A as C x = <fi(x)C, 
where x is an element of — hp. 

Let now $ v be the system of coroots of Te associated to $, and let ct v be 
the 1-parameter subgroup of Te corresponding to a in $ v ; for every y G o* E , 
we have a v (y)C = C, and if y is an element of o* F + pp, a v (y) permutes 
the elements of A. Moreover, a v (y) depends only of the class of y modulo 
1 + pE, hence we can view y as an element of k* E . 

Let x be an element of k F — &f (arbitrarily fixed for the moment). For 
every a G k* F and every b G hp, we have: 

<j>{b)a y {a))C x = 0(6)(Arf(a v (a))0(a;))C = 0(6)0(a 2 x)C = C a * x+b . 

Hence for every element of k F — k F of the form y = a 2 x + b, C y is in the 
GV-orbit of C x . If char{k,E) = 2, every element of kp is a square, and since 
(1, x) is a basis of the /cp- vector space ks, every element of ks — kp is of that 
form, which proves the proposition in that case. 

Now assume p ^ 2; there exists then x G k F — kp such that - = x 2 G kp] c 
is then not a square in hp. Let D be the chamber of A such that DdC = A; 
we have D = nC, where n is any representative in the normalizer of Kp in 
Ka of the element s a in the Weyl group of $. Moreover, according to |BT1 
6.1.3 a) and b)], we can assume that every such element is of the form: 

n = ( j)'(y)(f)(-y- 1 )(f)'(y), 

with y G o* E . We then have: 

since <fr'(y)C = C. Hence C x = <fi(x~ l )D = <fi(xc)D. By the same reasoning 
as above, for every a G k* F and every b G K F , <p\a 2 xc + b)D = C i . On 

the other hand, we have: 

1 a 2 xc — b a 2 xc — b x — ^ 

a 2 xc + b (a 2 xc + b)(a 2 xc — b) a 4 c — 6 2 a 2 — 4^- 

On the other hand, it is well-known and easy to check that there exists a, b 
such that a 2 — is not a square; we thus obtain that there exists a', b', such 
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that a' is not a square and C a > x+ y is in the -fQ^-orbit of C x . By the same 
reasoning as above once again, we obtain that it is true for every C a i a 2 x+b+b /, 
a G k F , b G hp. Since {k* F ) 2 is of index 2 in kp, we finally obtain that all of 
the C x , x G hp — kp-, are in the same i^c,F-orbit, which completes the proof 
of the proposition when C C X F - 

Now assume d > 0. Set T = Gal(E/F), and let 7 be the unique nontrivial 
element of T. First we prove the following lemma: 

Lemma A. 2 There exists a T -stable apartment of X E containing both C 
and 7(C). 

Proof. Let A be any apartment of X F containing both C and 7(C); such 
an apartment exists by [BT| proposition 2.3.1]. Obviously, 7 (.A) satisfies 
the same property; there exists then g G G E such that g A = j(A), and 
we can assume g G K c ,e H K 7 tc),E- The element 7(g) then also belongs to 
K c ,e H K 7 (c),e, and we have 7(g)7(*4) = A. Hence 7(g)g fixes A pointwise, 
which means that it belongs to the unique parahoric subgroup Kp of the 
.E-split maximal torus T of Ge associated to A. 

Let now F nr be the maximal unramified extension of F, let Gf ut be the 
group of F nr -points of G, and let Kc,F nr be the connected fixator of C viewed 
as a chamber of the Bruhat-Tits building X Fnr of Gp nr - By |Coul lemma 5.1], 
there exists an element h G Kp nr such that g = F(/i) _1 /i, with F being the 
Frobenius element of Gal(F nr /F). Moreover, the restriction of F to E is 7, 
and we have: 

1 {g)g = ¥\h)- l heK T , 

Let T nr be the maximal torus of Gp nr associated to A, and let Kp nr be 
its unique parahoric subgroup; we have Kp = Kp nr H G E . Moreover, the 
Frobenius element of Gal(F nr /E) is F 2 ; by [Coul lemma 5.1] again, there 
exists then t G K Tnr such that r y(g)g = F 2 (t)t _1 . Hence ht = F 2 (ht), which 
simply means that ht G G E . We finally obtain: 

htA = hA = 70h(-4) = 1Q1A) = j(htA) 7 

hence htA is a T-stable apartment of X F containing both C and 7(C) and 
the lemma is proved. □. 

Now we designate by A the apartment given by the above lemma, and by 
T the corresponding i?-split maximal torus of Ge', T is defined over F, but 
not F-split. Let $ be the root system of Ge relatively to T, and let a G $ 
be defined as in the case d = 0. Since T is defined over F, T acts on $. 

Let D be the unique chamber of A such that C fl D = A. Since A is 
nonempty, the combinatorial distance between D and Bi? must be either d 
or d+ 1. 
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Lemma A. 3 Assume H = j(H). Then the combinatorial distance between 
D and T is d. 

Proof. Let sh be the orthogonal reflection on A whose kernel is H . Since 
H = j(H), 7 and sh commute, hence there exists gu € Gp such that gu acts 
on A via sh- Let C = Co, . . . , Cd be a minimal gallery of length d between 
C and some chamber Cd of Xp. Then D = gnCo, . . . , guCd is also a minimal 
gallery and guCd C Xp, hence the combinatorial distance between .D and 
is at most d. The other inequality follows from the above remarks. □ 
Note that the fact that H = j(H) implies in particular that 7(a) = ±a. 
Conversely, we have: 

Lemma A. 4 Assume 7(a) = a. Then H = "f(H). 

Proof. Let a be the affine root of T corresponding to H; it is an affine linear 
form on the affine space A, and the corresponding linear form on the vector 
space (X*(T) / X*(Z)) x R, where Z is the center of G, is a. Hence 7(a) is of 
the form a + c, with c being some constant. We then have 7 2 (a 7 ) = a + 2c; 
since 7 2 is trivial, it implies c = 0, hance if = 7 (if). □ 
Note that it is not true when 7(a) = —a. 

Now we prove the proposition when H = 'y(H). Consider the rank 1 
subgroup G a of Ge generated by T, U a and U- a ; it is defined over F, and 
the fact that H = 7 (if) implies that G a fl Ka = G a fl K^a), hence Ka is 
T-stable. The elements of A are then of the form uC, where u is an element 
of U a not belonging to Gp, and we can finish the proof the same way as in 
the case d — 0. 

Assume now H 7^ l{H). Let C be the connected component of A — 
(H U 7(i?)) containing C. Assume C contains 7(C) as well. Consider an 
apartment of Xp of the form (j>(x)A, where is defined as in the case d = 
for a given normalized valuation v on (G,T, (Up)), and x is an element of E 
of valuation i, where i is such that U a fl K c ,p = U a>i . Then <f>(x)A contains 
at the same time a chamber C" distinct from C whose closure contains A 
and the half-apartment of A delimited by H and containing C, which itself 
contains the closure of C U 7(C) U j(D). We deduce from this that we have 
-i(4>(x))4)(x)-i(D) = 7(C"), hence <p(x)-f((j)(x))D = C". 

Moreover, cp(x)j((j)(x)) is contained in Kc ; e, which is a pro-solvable group, 
hence if 7(a) = —a, the commutator 7(0(x) _1 ] is an element of the 

subgroup K' of Kq,e generated by Kt, U a ^+i and 7(C/ aj j+i), which is itself 
contained in K Du ^ D ^ E . If now 7(a) 7^ ±a (remember that by the previous 
lemma we cannot have 7(a) = a), then [^(x)" 1 , ^((fi'x)^ 1 ] is an elenent of 
the intersection with K c ,p of the subgroup of G generated by the U\ a+ ^p, 
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where A and fj, are positive integers such that Xa + fi/3 is a root. We'll also 
denote by K' this last subgroup; it is also contained in K DvJl ^ D ^ E . 

In both cases, we can apply |Coul lemma 5.1] to see that there exists 
k E K' such that [^(x)^ 1 , 7(0'x) _1 ] = 7(£;)A; _1 , hence (f)(x) r y((f)(x))k = 
■j(4 > (x))<p(x)'j(k). We thus have proved that <p(x) , y(<p(x)k is an element of 
Kc y F sending D to C"; since this is true for any C" and in particular for C, 
A must contain all of them and K^f acts transitively on them, which proves 
the proposition in this case. 

Assume now that C does not contain 7(C), or in other words that C and 
7(C) are separated by at least one of H and ^(H). Then they are separated 
by both of them, which means that D and 7(-D) are in the same connected 
component. We can then apply the same reasoning as above with C and 
D switched, and we obtain that for every chamber C" of Xp containing A 
in its closure and distinct from D, there exists an element g of Gf such 
that gC = C", which implies in particular that the combinatorial distance 
between C" and X F must be d. Since by our hypothesis this is not true 
for C , we must have C = D and even A = {D}, and the result of the 
proposition is then trivial. □ 

Remark. Actually, this very last case turns out to be impossible. To see that, 
we can for example observe that the combinatorial distance between C and 
Xp is equal to the combinatorial distance between C and some facet of Xpf^A 
of maximal dimension plus the dimension of the F-anisotropic component of 
T, and that there exists a minimal gallery between C and some chamber of 
Xp whose closure contains the barycenter b of C U 7(C) (which is itself an 
element of Xp); with the hypotheses of the last case, it is easy to check that 
the closure of C U {b} must contain D, hence a contradiction. 
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